Abstract. We investigate the one-dimensional (1D) and two-dimensional (2D) reduction of a quantum field theory starting from the three-dimensional (3D) manybody Hamiltonian of interacting bosons with spin-orbit (SO) and Rabi couplings. We obtain the effective time-dependent 1D and 2D nonpolynomial Heisenberg equations for both repulsive and attractive signs of the inter-atomic interaction. Our findings show that in case in which the many-body state coincides with the Glauber coherent state, the 1D and 2D Heisenberg equations become 1D and 2D nonpolynomial Schrödinger equations (NPSEs). These models were derived in a mean-field approximation from 3D Gross-Pitaevskii equation (GPE), describing a Bose-Einstein condensate (BEC) with SO and Rabi couplings. In the present work self-repulsive and self-attractive localized solutions of the 1D NPSE and the 1D GPE are obtained in a numerical form. The combined action of SO and Rabi couplings produces conspicuous sidelobes on the density profile, for both signs of the interaction. In the case of the attractive nonlinearity, an essential result is the possibility of getting an unstable condensate by increasing of SO coupling.
Introduction
In last two decades, the ultracold atomic gases have provided an important environment for studying quantum many-particle systems from the experimental realization and the theoretical viewpoint. In last few years, the huge interest in the ultracold gases field has allowed the experimental realization of an artificial spin-orbit (SO) coupling in a neutral atomic Bose-Einstein condensate (BEC) by means of counterpropagating laser beams which couple two atomic spin states [1, 2] . The SO coupling has been also created in fermionic atomic gases [3, 4] . These experimental breakthroughs have led to significant theoretical works, opening the door to a fascinating and fast developing on SO coupled cold atoms research.
Basic theoretical and experimental aspects on SO coupled degenerate atomic gases are introduced in the reviews [5, 6] . The theoretical activities have been devoted to the SO coupled Bose-Einstein condensates (BECs) among others, including vortex in rotating SO coupled BECs [7, 8, 9, 10] . Trapped two-dimensional (2D) atomic BECs with spin-independent interactions in the presence of isotropic SO coupling [11, 12] . In a two-component Bose gas confined in a 2D harmonic oscillator (HO) potential, with an isotropic SO coupling Rashba type, the ground state has a half-quantum angular momentum vortex configuration [13] . The ground-state properties of a weakly trapped spin-1 BEC with SO coupling were studied by means of numerical and analytical methods in an external Zeeman field [14] . From numerical simulation spin-1/2 and spin-1 BECs with Rashba SO coupling were studied [15] , identifying two different phases. In one phase, the ground state is a single plane wave. In the other phase, the condensate wave function is a standing wave, and it forms a spin stripe. In [16] , low-energy stationary states of pseudospin-1 BECs in the presence of Rashba-Dresselhaus-type SO coupling were numerically investigated. The quantum tricriticality and phase transitions in SO coupled BECs were studied by considering a SO coupled configuration of spin-1/2 interacting bosons with equal Rashba and Dresselhaus couplings in a mean-field approximation [17] . In [18] were studied isotropically interacting bosons with Rashba SO coupling. The bosons condenses into a single momentum state of the Rashba spectrum via the mechanism of order by disorder. The existence of antiferromagnetically ordered (striped) ground states in a 1D SO coupled system with repulsive atomic interactions under the presence of a trapping HO it was demonstrated in [19] . An experimental scheme to create SO coupling in spin-3 Cr atoms using Raman processes was proposed, and the ground-state structures of a SO coupled Cr condensate were studied [20] . Thus showing, in addition to the stripe structures induced by the SO coupling, the magnetic dipole-dipole interaction gives rise to the vortex phase, in which a spontaneous spin vortex is formed. Solitons in a BEC with SO coupling were introduced in 1D geometries [21, 22, 23, 24] and 2D geometries [25, 26, 27] . Vortex-lattice solutions to the coupled mean-field equations with the SO coupling and optical lattice (OL) potential were reported in [28] . Vortex dynamics in SO coupled BECs was studied in [29, 30] . In [31] it was carried out a study by means of a variational approximation and numerical solutions of localization of a noninteracting and weakly interacting SO coupled BEC in a quasiperiodic bichromatic OL potential, confirming the existence of stationary localized states in the presence of the SO and Rabi couplings for equal numbers of atoms in the two components. The stability of plane waves in a 2D SO coupled BEC was studied analytically in [32, 33] . Recently, has been studied the formation of bound states and three-component bright vector solitons in a quasi-1D SO coupled hyperfine spin f = 1 BEC and the five component vector solitons in a quasi-1D SO coupled hyperfine spin-2 BEC using a numerical solution and a variational approximation of a mean-field model [34, 35] . It was considered a theory of collapse in BECs with inter-atomic attraction for two different realizations of SO coupling [36] , the axial Rashba coupling and the balanced effectively 1D Rashba-Dresselhaus coupling. The spin-dependent anomalous velocity in Rashba coupled BECs forms a centrifugal component in the density flux opposite to that arising due to the attraction between particles and prevents the collapse at a sufficiently strong coupling. In BECs with balanced Rashba-Dresselhaus coupling, the spin-dependent velocity can spatially split the initial state in 1D and form spin-projected wavepackets, reducing the total condensate density. The quantum dynamics of a SO coupled BEC in a double-well potential was investigated in [37] . It was found that the SO coupling can significantly enhance the atomic interwell tunneling. By employing the two-mode approximation from mean-field GPE and numerical methods, the Josephson oscillations of SO coupled BECs were studied in [38] . This was carried out by analyzing the interplay between the inter-atomic interactions and the SO coupling and the selftrapped dynamics of the inter-species imbalance.
In the ultracold bosonic gases context at zero temperature, a good theoretical tool for researching on dynamics of dilute BECs is the time-dependent mean-field 3D GPE [40] . An interesting theoretical problem is the derivation of reduced 1D and 2D models to studying the behavior of these systems. Experimentally these effective models are an ideal platform for testing many-body phenomena [39, 41, 42, 43] . Theoretically they have been adopted various approaches to derive effective 1D and 2D reduced equations from the 3D GPE [44, 45] . Being this latest work the most applicable describing the dynamics of BECs. Some examples of 1D and 2D reduction for studying BECs with a non-local dipolar interaction in a mean-field approximation are given in [46] . A starting point for the theoretical study of SO coupled BECs in reduced dimensionality is provided by a binary mean-field nonpolynomial Schrödinger equation (NPSE), which is derived in [24] . The system of coupled equations was used to investigate localized modes in dense repulsive and attractive BECs with the SO and Rabi couplings. Recently, it was considered an effectively 2D BEC with the SO coupling of mixed Rashba-Dresselhaus type and Rabi term [27] . The system is described by two coupled 2D NPSEs, for both attractive and repulsive inter-atomic interactions. Approximate localized solutions are analyzed by treating the SO and Rabi terms as perturbations. Localized solutions of the system are obtained in a numerical form. There have also been theoretical efforts toward understanding the physics of the SO coupled Bose gases at finite temperature [47] . Here it was found that in three spatial dimensions SO coupling lowers the critical temperature of condensation and enhances thermal depletion of the condensate fraction. In two dimensions the SO coupling destroys superfluidity at any finite temperature.
In this paper, starting from the 3D many-body Hamiltonian describing N interacting bosons with SO and Rabi couplings and where the dynamics is ruled by two coupled field equations, we investigate the 1D and 2D reduction of a bosonic quantum field theory. In the derivation of the 1D model we use a transverse and isotropic harmonic confinement and a generic trapping potential in the axial direction. In the 2D system the trapping potential is harmonic in the axial direction and generic in the transverse one. We achieve to getting reduced models of time-dependent 1D and 2D nonpolynomial Heisenberg coupled equations. The derivation is performed for both the repulsive and attractive signs of the inter-atomic, intra-and inter-species interactions. In the case which the many-body quantum state of the system coincides with the Glauber coherent state our findings agree with the two coupled NPSEs in 1D [24] and 2D [27] . The derivation of the effective equations is followed by the numerical analysis of new features of trapped modes in the 1D NPSE and 1D GPE describing the dynamics of a BEC with SO and Rabi couplings, for both signs of the nonlinearity.
The rest of the paper is organized in the following way. In the Sec. 2, we derive an effective 1D nonpolynomial Heisenberg equation. This section also includes the condition under which the Heisenberg equation coincides with the 1D NPSE describing a BEC with SO and Rabi couplings. The 2D reduction of the 3D Hamiltonian is presented in Sec. 3. Numerical results of the 1D NPSE and 1D GPE are reported in Sec. 4. Finally, we present a summary and discussion of our study in Sec. 5.
Dimensional reduction of a quantum field theory
A quantum treatment of interacting bosons with SO and Rabi couplings can be obtained starting from the many-body Hamiltonian in second quantization, which describes N interacting bosons of equal mass m confined by an external potential U (r),
whereΨ † (r) andΨ (r) are the two pseudo-spin creation and annihilation boson field operators, respectively. Thus,Ψ = (
. The term V (r − r ′ ) stands for the two-body interaction. The single-particle SO Hamiltonian H sp [24] is,
2 is the square of the momentum operator, U (r) is a trapping potential, Ω is the frequency of the Raman coupling, which is responsible for the Rabi mixing between the two states, k L is the recoil wave number induced by the interaction with the laser beams, σ 0 is the two-dimensional unit matrix and σ x,z are the Pauli matrices. By assuming a dilute system of bosons, the inter-particle interaction can be approximate by a contact pseudo-potential. We consider interactions for both intra-and inter-species. This means that the potential for intra-species interactions is assumed as
, where 4π 2 a jj /m is the strength of interaction, a jj is the intra-species s-wave scattering length with j = 1, 2 for the two pseudo-spin components. In the inter-species interactions the potential has the same form, but the strength of the interaction takes the form 4π 2 a 12 /m. In order to transform the Hamiltonian (1) into dimensionless form, we use the HO length of the transverse trap a ⊥ = /(mω ⊥ ), with the trapping frequency ω ⊥ . The time t is measured in units of ω −1 ⊥ , the spatial variable r in units of a ⊥ , the energy in units ω ⊥ and the field operators are given in units of a 3/2 ⊥ . By using these new variables we have the dimensionless many-body Hamiltonian in second quantization,
where,Ĥ
where j = (1, 2) and ψ j represents the field operators of the two atomic states, g jj ≡ 2a jj /a ⊥ , g 12 ≡ 2a 12 /a ⊥ are the strengths of the intra-and inter-species interactions. γ ≡ k L a ⊥ and Γ ≡ Ω/(2ω ⊥ ) are dimensionless strengths of the SO and Rabi couplings, respectively. The external potential is given as U(r) = V (x) + (y 2 + z 2 )/2. Thus, the many-body Hamiltonian (3) describes a dilute gas of bosonic atoms with SO and Rabi couplings confined in the transverse (y, z) plane by a HO potential and a generic potential V (x) in the x axial direction. The bosonic field operatorψ(r, t) and its adjoint ψ † (r, t) must satisfy the following equal-time commutation rules
where α, β = 1, 2. By imposing these commutation rules we find the creation of a particle in the state |r, α, t from the vacuum state |0 as,ψ † α (r, t)|0 = |r, α, t . The annihilation of a particle, which is in the state |r, β, t is given byψ α (r ′ , t)|r, β, t = δ(r − r ′ )δ αβ |0 . From the Heisenberg equation of motion
we get two coupled field equations in a closed form,
1D-reduction of the 3D-Hamiltonian
To perform the one-dimensional reduction of the 3D Hamiltonian (3) we suppose that in the transverse (y, z) plane the single-particle ground-state is a Gaussian wave-function [48, 49, 50] as in a BEC. Thuŝ
where |G is the many-body ground state, while η j (x, t) is the transverse width for bosonic field operators andφ j (x, t) = (φ 1 (x, t),φ 2 (x, t)) T represents the axial bosonic field operators. By applying this ansatz into the Hamiltonian (3), we obtain the effective Hamiltonianĥ 1D such that
Neglecting the space derivatives of η j (x, t), the effective 1D-Hamiltonian can be read
The ground state |G is obtained self-consistently from the Hamiltonian (12) and the transverse width η j (x, t). It is determined by minimizing the energy functional G|ĥ|G with respect to η j (x, t). In this way we get
The 1D-Hamiltonianĥ 1D (12) , is a generalization of the one introduced by Salasnich [49] , in the context of a BEC in presence of an axial potential. In the case which the SO and Rabi couplings are dropped the effective Hamiltonianĥ 1D corresponds with the model implemented in [49] .
1D-nonpolynomial Heisenberg equation
From the effective 1D-Hamiltonian (12) and the Heisenberg equation of motion
we derive the 1D-nonpolynomial Heisenberg equation, which represents the motion of a many-body quantum system of dilute bosonic atoms,
This equation must be solved self-consistently by using the many-body quantum state of the system |S in the equations of the transverse widths η j . So
In an open environment particles may be added or removed from the condensate, and one can suppose that the number of bosons in the matter field is not fixed. This implies that the condensate is not in a pure Fock state [50, 51, 52] . We then introduce, in analogy with optics the Glauber coherent states |GCS [53] , which do not have a fixed number of particles. On the other hand, the interacting many-body system described with quantum field theory is equivalent to an infinite number of interacting harmonic oscillators. As an useful ingredient in the functional formulation of quantum field theory [51] , it is possible introduce the coherent states in the familiar setting of a single harmonic oscillator. In this theory, the partition function is writing as a functional integral over time-dependent fields, which are the eigenvalues of the coherent states. The Glauber coherent state |GCS , is introduced as the eigenstate of the annihilation operator. In terms of quantum field operators we haveφ j (x, t)|GCS = φ j (x, t)|GCS where j = 1, 2 and φ j (x, t) is a classical field. The average number of atoms in the coherent state is given by N j = GCS|N j |GCS . Hence in the case in which the many-body state |S coincides with the Glauber coherent state |GCS [48, 49] , the 1D-nonpolynomial Heisenberg equation (15) 
where φ j (x, t) is a complex wave-function, with the normalization condition ∞ −∞ dx|φ j (x, t)| 2 = N j , and the conserved total number of atoms is N = N 1 + N 2 . The corresponding transverse widths η j (x, t), are
The models (17) and (18) were derived previously by means of a mean-field approximation [24] . Here the Bogoliubov approximation [40] is applied in the Hamiltionian (3), according to which since the condensate state involves the macroscopic occupation of a single state it is appropriate to split the Bose field operator in two terms, the first one describes a macroscopically populated state, defined as the expectation value of the field operator, and the second one takes into account quantum fluctuations about the state condensed. Since the number of atoms in the single-particle condensate wavefunction is large, the quantum fluctuations are negligible and the dimensional reduction [45] of resulting Hamiltonian leads to the mean-field approximation given above. Our results let see the correspondence between quantum field theory and classical field theory. Besides, these suggest that the models obtained by means of Glauber coherent state are indeed an equivalent tool to the Bogoliubov approximation in research of BECs at zero temperature. In the symmetric case, when the effective nonlinearity coefficients for the intra-and inter-species interactions are equal, i.e., g 11 = g 22 = g 12 ≡ g, we have η 1 = η 2 and Eq. (18) takes the form η
. We note that, for the self-repulsive binary BEC g > 0, and the self-attractive binary BEC g < 0.
In that way, the system of two coupled equations (17) represents a generalization of the model introduced earlier for the study of vectorial solitons in two-component BECs [54] and it can be read as [24] i ∂ ∂t
Only if g(|φ 1 | 2 + |φ 2 | 2 ) ≪ 1 may the system (19) be considered as one-dimensional. It is possible to construct stationary states using Eq. (19) . These states are constructed with the chemical potential µ, by setting φ j (x, t) → φ j (x) exp (−iµt). The resulting equations for stationary fields φ 1,2 are compatible with the restriction φ * 1 (x) = φ 2 (x). In terms of real R and imaginary I part we have R{φ 1 } = R{φ 2 }, and I{φ 1 } = −I{φ 2 }. Thus leading to a single stationary NPSE [24] ,
where we have defined Φ(x) ≡ 2/Nφ 1 (x), along with the condition mentioned above between the stationary fields φ 1,2 . The normalization becomes
In the strong coupling regime gN|Φ| 2 ≫ 1, the nonpolynomial nonlinearity reduces to a quadratic form (3/2) √ gN|Φ|Φ. The other hand, in the weakly nonlinear regime gN|Φ| 2 ≪ 1 the nonlinearity takes the cubic form ∼ gN|Φ| 2 Φ. Where without loss the generality, it is omitted the transverse contribution. In general, the coupled equations (17) are strictly one-dimensional [55] , under the condition η 4 j = 1 in the system of Eqs. (18) , establishing the 1D GPE with SO and Rabi couplings i ∂ ∂t
we have omitted the constant contribution of the transverse energy given by 1 (in units of ω ⊥ ). By performing a global pseudo-spin rotation σ x → σ z and σ z → σ x , in the Hamiltonian (2), the model (21) becomes the one that was implemented to studying of nonlinear modes in binary bosonic condensates with nonlinear repulsive interactions and linear SO-and Zeeman-splitting couplings [19] .
2D-reduction of the 3D-Hamiltonian
In analogy with the 1D scenario, we use the 3D-Hamiltonian (1) to obtain an effective 2D-Hamiltonianĥ 2D and the respective 2D-nonpolynomial Heisenberg equation. The 3D-Hamiltonian is scaled by means of HO length a z = /(mω z ), which is established by the trap in the z axis. The length, time, energy and field operators are given in units of a z , ω −1 z , ω z , and a 3/2 z , respectively. Thus,Ĥ is given bŷ
where j = (1, 2) and ψ j represents the field operators of the two atomic states, g jj ≡ 2a jj /a z , g 12 ≡ 2a 12 /a z are the strengths of the intra-and inter-species interactions. While, γ ≡ k L a z and Γ ≡ Ω/(2ω z ) are dimensionless strengths of the SO and Rabi couplings, respectively. The external potential is given by V (x, y) + z 2 /2. Thus, the many-body Hamiltonian (22) describes a dilute gas of bosonic atoms with SO and Rabi couplings confined in the axial z direction by a HO potential and a generic potential V (x, y) in the transverse (x, y) plane. The bosonic field operators satisfy the commutation relations (6) and (7). The effective 2D-Hamiltonianĥ 2D is derived by supposing a Gaussian wave-function for the single-particle ground-state in the z axis, as in a BEC. Similarly, as it was done above in the 1D case,
where |G is the many-body ground state, while ξ j (x, y, t) is the axial width for bosonic field operators andφ j (x, y, t) = (φ 1 (x, y, t),φ 2 (x, y, t)) T represents the transverse bosonic field operators. By applying this ansatz into the Hamiltonian (22) and neglecting the space derivatives of ξ j (x, y, t), we obtain the effective Hamiltonianĥ 2D asĤ|G = h 2D |G , withĥ
and by minimizing the energy functional G|ĥ 2D |G with respect to ξ j (x, y, t), we determine the axial widths ξ j (x, y, t). The ground state |G is obtained self-consistently from the Hamiltonian (24) and the axial widths ξ j ,
2D-nonpolynomial Heisenberg equation
By means of the 2D-Hamiltonianĥ 2D and the Heisenberg equation i∂ tφj = [φ j ,ĥ 2D ], we derive the 2D-nonpolynomial Heisenberg equation,
which must be solved self-consistently by using the many-body quantum state of the system |S in the equations of the transverse widths ξ j . So in the system (25) we need changing the ground state by the many-body quantum state, i.e. |G → |S . When the many-body state |S coincides with the Glauber coherent state |GCS [48, 49] , such that,φ j (x, y, t)|GCS = φ j (x, y, t)|GCS , the 2D-nonpolynomial Heisenberg equation becomes 2D-NPSE describing a BEC with SO and Rabi couplings in a mean-field approximation
φ 3−j (27) where φ j (x, y, t) is a complex wave-function, with normalization ∞ −∞ dx dy|φ j (x, y, t)| 2 = N j , and the conserved total number of atoms is N = N 1 + N 2 . The corresponding axial widths ξ j (x, t), are
The system of coupled 2D-nonpolynomial Schrödinger equations (27) , along with the equations (28) is derived for the first time in this work. In the symmetric case, when the strengths of the nonlinear interactions between different atomic states are equal, g 11 = g 22 = g 12 ≡ g, we have ξ 
A binary BEC is self-attractive while g < 0, and it is self-repulsive when g > 0. This equation has exact solutions given by Cardano formula [27, 56] . In analogy with the 1D case, stationary solutions may be sought as φ j (x, y, t) → φ j (x, y) exp (−iµt) with the restriction φ * 1 (x, y) = φ 2 (x, y). These stationary solutions were studied in [27] . The model (27) is strictly two-dimensional under the condition ξ 4 j = 1 in the system of equations (28) . By omitting the constant contribution of the axial energy 1/2 (in units of ω z ), we get the 2D GPE with SO and Rabi couplings i ∂ ∂t
Numerical results
We study the ground state of SO coupling BECs by solving numerically the stationary 1D NPSE (20) and the stationary 1D GPE obtained from (21) for g jj = g 12 ≡ g, along with the condition φ * 1 (x) = φ 2 (x) and setting Φ(x) ≡ 2/Nφ 1 (x). The numerical results are achieved using a split-step Crank-Nicolson method with imaginary time propagation [57] . The imaginary time propagation (t → −it) does not preserve the normalization, because the time evolution operator is not unitary. To fix the normalization of the wave function we need to includes the restoration of the normalization after each operation of Crank-Nicolson method, just as in a BEC with a single component [57] . This procedure is possible because the model given in equation (20) represents a single 1D NPSE. In a more general case, the restoration of the normalization of the two equations given by the generalized 1D NPSE (19) could be implemented according the approaches outlined in [58] . Thus, we split the stationary 1D NPSE (20) , such that the derivative terms (provided by the kinetic energy and the SO term), the contribution of HO potential and the nonpolynomial nonlinearity were discretized and implemented as it has been presented in [57] . The term associated with the Rabi coupling was handled by means of the adaptation of the numerical method implemented to obtaining the ground state of atomic-molecular BECs [59] . In a similar way it was solved the 1D GPE through of the respective modification of the nonpolynomial contribution. The spatial and time steps employed in the present work are ∆x = 0.01 and ∆t = 0.00025, respectively. The input wave-function is the known normalized Gaussian Φ = π −1/4 exp(−x 2 /2). We start the study of the ground state structure of the repulsive (g > 0) SO and Rabi coupled binary BEC in the presence of a HO axial trap with frequency ω x , and anisotropy λ ≡ ω x /ω ⊥ , such that V (x) = (λ 2 /2)x 2 . In Figure 1 (a)-(d) we plot the numerical results of the density profile |Φ(x)| 2 as a function of axial coordinate x. We use λ = 1/3, the SO coupling γ = 1, the Rabi coupling Γ = 0.25, and four values of the nonlinearity strength gN. Our findings show that for the constant values of γ and Γ and increasing the repulsive nonlinearity, the density profile expands and it decreases its height displaying several local maxima (see the right top and the bottom panels in Figure 1) . We compare the results of 1D NPSE (20) with the stationary 1D GPE obtained starting from the model (21) . The density reduction with the increase of gN is faster in the 1D GPE respect to the 1D NPSE. In the weakly nonlinear regime gN|Φ(x)| 2 ≪ 1 both models match very good each other. This fact can be verified in the Table 1 with the values of gN|Φ(x = 0)| 2 . It is also relevant analyzing the self-attractive (g < 0) SO and Rabi coupled BEC. Now, our aim is investigate effects of gN on the bright solitons. In order to obtaining self-focusing nonlinear waves, we solve numerically the 1D NPSE (20) and the stationary 1D GPE obtained from (21) with V (x) = 0 and g < 0. In Figure 2 (a)-(d) we plot the density profile |Φ(x)| 2 as a function of axial coordinate x for the bright solitons, with gN = −0.5, the Rabi coupling Γ = 0.5, and four values of SO coupling γ. Interesting issues are the change of the shape of the soliton and the decreasing in the density with the increasing of γ. The results demonstrate that the interplay of the SO and Rabi couplings produces conspicuous sidelobes on the density profile of the bright solitons. Salasnich and co-workers [24] , demonstrate an increase of soliton's height and the compression of density profile for a constant γ value and the increase of Γ. For a constant value of Rabi coupling Γ and the increasing of the SO coupling γ, we shown that it is possible to obtaining a decrease in the density profile without a compression of the soliton. The agreement between the 1D NPSE and the 1D GPE is extremely good, and both With the increasing of the attraction the density profile of the soliton shrinks, and once the strength of the interaction exceeds the critical value of |g|N, the condensate becomes so attractive that growth peak height is stopped by inelastic collisions and the system must collapse. We find the critical value |g|N ≃ 1.2 beyond which the condensate collapses, and it is not dependent on the Rabi coupling. We verified a reduction of the collapse threshold for bright solitons under the action of the SO and Rabi couplings, initially predicted in [24] . The 1D NPSE (20) gives rise to the collapse of the condensate, when the density of the condensate in the denominator of the nonlinear term reaches a critical value |Φ| 2 = (|g|N) −1 [24, 45] . This implies that the effective nonpolynomial nonlinearity in the 1D NPSE is quite essential compared with the cubic nonlinearity in 1D GPE where there is no collapse. The reduction in the SO coupling caused by the increasing of the strength of the interaction is reflected in the density of the soliton as an increasing in the real component of the wave function and decreasing in the imaginary one, together with decreasing in the oscillations in both parts of the wave function. Now we consider the possible origin of the unstable region in Figure 3 . To achieve this purpose we fix the values of Rabi coupling Γ and the strength of interaction |g|N, and we increase the SO coupling γ. Above a critical value determined by the plots in Figure 3 , the oscillations set by the SO coupling becomes unstable the condensate and it is destroyed. This unstable region could be experimentally analyzed by means of a recently technique implemented in [60] . Here it has been proposed a scheme for controlling SO-coupling between two hyperfine ground states in a binary BEC through a fast and coherent modulation of the Raman laser intensities. The above results also apply at γ < 0. In that case we have x → −x in 1D NPSE (20) and the diagram of Figure 3 is symmetric.
Summary and outlook
We have analyzed the 1D and 2D dimensional reduction of a binary bosonic quantum field theory in which the two components are coupled by the nonlinear inter-atomic interactions and the SO and Rabi couplings. We have derived for the first time, an effective 1D and 2D quantum Hamiltonian with the corresponding effective 1D and 2D nonpolynomial Heisenberg equations, for both self-repulsive and self-attractive interatomic interactions. These 1D and 2D models open the door to a new level in the research of interacting gases of bosons with SO and Rabi couplings at finite temperature in reduced dimensions. Recently, dramatic implications were predicted about the effect of the SO coupling on thermal properties of bosonic gases [47] , showing thus the amplification of quantum fluctuations induced by the SO coupling. We show the possibility of obtaining two models in a mean-field approximation derived from the quantum field equations in the case in which the many-body quantum state of the system coincides with the Glauber coherent state. Our findings are agree with the system of coupled NPSEs considered in the study of dynamics of BECs with SO and Rabi couplings in one [24] and two dimensions [27] . The numerical results demonstrate the emergence of conspicuous sidelobes on the density profile due to the interplay of SO and Rabi couplings, for both signs of the interaction. The mean-field approximation given by 1D NPSE in repuslive BECs with SO and Rabi couplings shows the relevance of nonlinearity compared to 1D GPE. An interesting result in the 1D NPSE describing selfattractive binary BECs, is the possibility of getting an unstable condensate by fixing the Rabi coupling and the strength of interaction and by increasing of SO coupling. Thus showing a new instability in addition to the existing collapse threshold, established by the strength of interaction.
The effective 1D and 2D models can be used to study the effect of inhomogeneous nonlinearity, as well as general forms of the couplings. One may expect interesting issues with non trivial effects by extending the present analysis for matter-wave vortices. In the absence of two couplings, vortical states in a BEC have been studied by means of 1D [61] and 2D [56] NPSEs.
